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Abstract 

We study an integrable conformal OSp{2m + 2|2m) supercoset model as an analog 
to the AdS^ x superstring world-sheet theory. Using the known S-matrix for this 
system, we obtain integral equations for states of large particle number in an SU (2) 
sector, which are exact in the sigma model coupling constant. As a check, we derive 
as a limit the general classical Bethe equation of Kazakov, Marshakov, Minahan, and 
Zarembo. There are two distinct quantum expansions around the well-studied classical 
limit, the A~^/^ effects and the 1/J effects. Our approach captures the first type, but 
not the second. 



1 Introduction 



The discovery of integrable structures in both the gauge theory [UEIISI and string theory jHE] 
hmits of the AdS/CFT duahty gives a strong hint that Af = 4 supersymmetric gauge theory 
is solvable, at least in the planar approximation.^ Subsequently this subject has advanced 
on many fronts; for reviews see refs. [SI IHl CDl HH 1121 UHl UH Hi] • 

Let us note here a few key developments, particularly those concerning the string side 
and its relation to the gauge side. For states of large charge, it has been possible to compare 
the operator dimensions obtained in the gauge and string descriptions IT71 ITHl IT^ 1^ 1^ . 
The classical string picture can be derived directly by going to a coherent state representation 
for the gauge theory operators • However, higher order calculations show that the gauge- 
string correspondence is not a simple as initially assumed fl^ I24j . In the string sigma model, 
the nonlocal conserved charges can be used to construct a spectral curve that characterizes 
the general classical solution [231 [211 12Z] • The Bethe ansatz equation for this spectral curve 
has been further developed and compared with the gauge theory Bethe ansatz [2H1 123 ISOj • 
It has been argued that the nonlocal charges are conserved in the full quantum sigma model 
for the AdS^ x string |!?T| [22] • In refs. |HH1 IM] an extension of the Bethe ansatz to the 
quantized sigma model is conjectured, but the discrepancy with the gauge theory remains. 
Recently there has been further study of the one-loop quantum corrections to the sigma 
model, again with apparent discrepancies jHSj- Finally, additional discussions of the sigma 
model conserved charges and their relation to the gauge theory charges can be found in 
refs. jHEI- 

To summarize, integrability is fairly well developed for the classical sigma model, but 
the extension to the quantum sigma model is in very preliminary state. There has been a 
focus on quantities for which the quantum corrections are hoped to take a rather restricted 
form PS], but ultimately it is clear that most of the physics of the AdS/CFT system is 
dependent on the quantization of the sigma model. Thus in this paper we wish to take a 
complementary approach, starting with a sigma model where some integrable structure is 
already known at the quantum level. This is the OSp{2m+2\2m) coset model [SZj, specifically 
OSp{2m + 2\2m)/OSp{2m + l\2m), whose bosonic part is S'^'^^^ Like the AdS^ x world- 
sheet theory it is conformally invariant and its target space is a supergroup coset. It is a 
different coset, and lacks the ghost and BRST structure of the string theory, but still is likely 
to give a hint of the structure that will appear in the full string theory. 

In the coset model the integrable structure takes the form of an S-matrix.^ This is derived 
by taking the conformal n ^ 2 limit of the 0Sp(2m + n\2m) S-matrix. The latter [2H1 is 
obtained from the well-known 0{n) S-matrix |3n| by addition of equal numbers of bosonic 
and fermionic coordinates. In ref. [2Z| it was shown that the n ^ 2 limit can be defined, 
and the resulting S-matrix used in a finite-density Bethe ansatz. The limit has the feature 

^For earlier work on integrability in QCD sec refs. [H] and the review j7|. 

^The importance of the world-sheet S-matrix has recently been emphasized in ref. |29| . 
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that, in addition to the right-moving and left-moving particles that would be expected in 
a conformal theory, there is a continuum of zero-energy states, so-called 'zero modes' [37] 
though perhaps 'non- movers' would be more apt. 

Ref. [2ZI considered only a f/(l) sector of the sigma model, which is trivial from the point 
of view of the analogous string theory. In this paper we extend the analysis to an SU{2) 
sector. We obtain the Bethe ansatz equations for the full quantum sigma model, and then 
take the classical limit. The classical theory, a bosonic sigma model on an 5^, is identical to 
the SU{2) sector of the AdS^ x 5*^ theory.^ Indeed, we recover the Bethe equation found in 
refs. |2S1- The embedding of this Bethe ansatz into a quantum theory is our main result. 

One important lesson is that the extension of the classical Bethe equations to the quantum 
theory involves two separate deformations. The classical sigma model here is the classical 
fieldYmvii, in which the coupling is taken to zero and the number of quanta is taken to infinity. 
Thus to recover the quantum theory we must restore finite quantum numbers (that is, 1/J 
corrections), and also include world-sheet quantum effects {g'^ corrections)."* Refs. |33| l3l] 
focussed on the 1/J corrections. We are unable, in our current work, to address these, but 
we have a full account of the corrections. 

In section 2 we review the OSp{2m + 2\2m) coset model, the use of the S-matrix, and the 
Bethe ansatz in the U{1) sector. Most of the results are from ref. though we treat the 
classical limit in more detail. In section 3 we obtain the Bethe ansatz for the SU (2) sector, 
as well as its reductions to single impurities and to nonrelativistic impurities. In section 4 
we develop the classical limit. The zero modes enter in an interesting way: the somewhat 
complicated form for the Bethe equation given in ref. j2B] arise from a simpler equation 
when they are integrated out. In the appendix we review the finite Hilbert transform, which 
appears in the classical limit. 

One might wonder whether the agreement between the SU (2) sectors of our model and 
the AdS^ X theory, which must hold at the classical level, might fortuitously extend to the 
quantum theory. In fact this is unlikely. In our model there is no supersymmetry connecting 
the spacelike 5"^ and the appended time coordinate, so the quantum corrections should take 
a less restricted form. In addition, our model appears to have a phase transition at finite 
world-sheet coupling [2Z], as we will discuss further in section 2. Such a transition is not 
expected in the string theory. We are currently attempting to extend our approach to the 
PSL{m\m) model jlHllSlIll]; whose symmetry structure is closer to the string theory. The 
Bethe ansatz takes a somewhat different form, and the phase transition may be absent. 

•^To obtain nontrivial physical states we imagine appending a free timelike coordinate. We could also 
analytically continue in the charges, equivalent to spinning strings on AdS'^. 

"'To see that the latter are independent effects, consider the world-sheet theory on a line rather than a 
circle. At finite density the f/J corrections are strictly absent — the Bethe ansatz remains continuous — 
but the physics certainly depends on g^. Also, the three loop discrepancy \2'6\ I24| is visible in the continuous 
Bcthc equations [2H1, and so should be due to g'^ effects. 
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2 Overview and review 



2.1 The supercoset model 

Consider a nonlinear sigma model based on a field whose first 2m + n components are 
commuting and whose last 2m components are anticommuting. The action and constraint 
are 

S = J drda rO^ip^d^if, , f^ifiif, = 1 , (2.1) 

where 

J^3 



-Im. 
Im. 



(2.2) 



The action is invariant under an 0Sp{2m + n\m) symmetry. Correlation functions of fields 
restricted to a subset of n bosonic components are identical to those of the bosonic 0(n) coset 
model, because the path integral over the remaining 2m bosonic coordinates is the reciprocal 
of the integral over the fermionic coordinates El]- In particular, the 0Sp{2m + 2|m) 
is conformally invariant, because the 0(2) model is free. However, it is not rational: it 
is conformally invariant without a Wess-Zumino term, and the separate right- and left- 
moving currents are not conserved. Instead it possesses an infinite family of nonlocal charges 
constructed from a flat connection, by direct generalization of the construction for the 0{n) 
coset HSlllS!. 

For quantum sigma models, the integrable structure is encoded in a factorizable S- 
matrix jnH]- For massless theories, the usual definition of the S-matrix does not apply 
because particles moving in the same direction do not separate. Nevertheless, the massless 
limit of the S-matrix of a massive integrable theory can still be used in the finite density 
Bethe ansatz 1^ : it retains its interpretation as the relative phase acquired in the 
wavefunction when one particle is moved past another. 

The fiat spacetime S-matrix does not directly give the full set of amplitudes needed on the 
string world-sheet because the string has finite spatial volume while the S-matrix is defined 
in infinite volume. In a relativistic field theory the vacuum is nontrivial, and so in finite 
volume the virtual particle states shift; one signature of this is the Casimir energy. There 
do not yet exist general methods to account for this shift and construct the finite volume 
system. Thus the questions that are readily answered involve states with a large number K 
of real particles, where the effect of the virtual particles represent a relative fraction 1/ K. It 
is not necessary that there be a large net charge J, but in fact the Bethe ansatz is simplest 
when all particles have the same sign of the charge, and so we will focus on this case. Thus 
in our present work we are insensitive to 1/ J corrections; going beyond this is an important 
future direction. 

The exact S-matrix for the 0{n) model is well-known [31], and the 0Sp{2m + n|2m) 



3 



Figure 1: Terms in the S-matrix 



symmetry allows this to be lifted in a unique way to the supercoset model [2H]-^ The S- 
matrix has three terms, 

\^^9,J^e'■,m) = - ^')|j2 ^, ^2 out) , 

sie) = ai{e)E + a2ie)p + ^3(^)1 (2.3) 

where 

= JnnJ'''' (2-4) 

^ = C*^;? (2-5) 

= i-ir^^'^^S^S^ ■ (2.6) 

here pi is for a bosonic component and 1 for a fermionic component. The tensor structures 
are shown diagrammatically in fig. H The functions (Ji{6) are 

2z7r 227r 
{n — 2j[i7r — 6) [n — 2)6 

r fi - ^) r fi + ^) r + ^) r fi + ^ ^) 

- r r fi _ ^) r Ci + ^ ^-)t(^ + ^ + ^) ' ^ ' 

\2%-k} \2 2%-k} \ ^ n~2 2in / \2 ^ n-2 ^ 2in / 

The parameter n in the S-matrix can be treated as a continuous parameter in the Bethe 
ansatz and in Feynman diagrams, with the definition that Supertrace(l)= 1)^' = n. 

In particular the Yang-Baxter equation is satisfied. Since the n = 2 theory is conformal, the 
(3 function is of the form f]{g) = (n — 2)b{g) where b{g) is finite as n — >■ 2. The coupling thus 
runs arbitrarily slowly as n — > 2: it is a function of 

X = (n - 2) \n{E/M) (2.8) 

where M is the dynamically generated mass. For example, from the one-loop beta function 
it follows that 

^The supercoset theory is only pseudounitary, because the indefinite metric J*-' appears and we have no 
analog of k symmetry to remove the unwanted states, but the S-matrix is still defined, and factorizable. 
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at large x- By holding x ^i-nd E fixed as n ^ 2 and M ^ 0, we obtain a limit in which 
the coupling takes the constant value gix)- Iii particular we get the same coupling if we use 
another reference energy E' where E' / E is fixed, since {n — 2) \n.{E' / E) goes to zero. 

In particular, holding fixed the single-particle energy e = M cosh 9 implies that we hold 
fixed one of 

h = - x/{n - 2) , e = |e^"« , 

~9L = 9 + xl{n-2) , e=^e-'-. (2.10) 

Thus the excitations that carry energy and momentum separate into a right-moving range 
with fixed 9ii and a left-moving range with fixed 9l- The rapidity difference between these 
two sets diverges as l/{n — 2). The surprising result in ref. [HZj, which we will review below, 
is that in the limit there remains also a continuum of 'zero-mode' excitations between the 
right- and left-movers. For these, (j) = [n — 2)9 is held finite, where ~x < 'P < X- The zero 
modes do not carry single-particle energies, but they affect the total energy through their 
interaction with the right- and left-movers. We denote the three types of particle state by 
-R, L, and 0. 



2.2 The U{1) sector 

We begin by building states with a finite density of excitations all positively charged under 
a single U{1) = 0(2) C 0(2m-|-n), for example states created by ipi + iip2- Acting on these, 
P = I and E = 0, giving 

P ( _i ie_\ p /_L ill i8_\ F ('1 _ M.\ r ( iL\ 

bpp{9) = a2{9) + as{9) = ,m-r i 1 _ n p n , \ p • l^-^l) 

\n-~2 ~^ 2tt) \n~2 ~^ 2 2Tr ) \2 ~^ 2tt ) \ 2w J 

The standard Bethe ansatz equation for a state of identical particles, from periodicity on 
a space of length L, is jlHl HD] 

^iPjL ^Y[S{9,-9j) . (2.12) 

Here 9j is the rapidity of the jth particle and pj = msinh6'j. Following standard steps we 
take the logarithm of eq. ()2.12|) . 

PjL = -i ^ In S{9i - 9j) + 2-Klj . (2.13) 

Each rapidity 9j is thus associated with an integer Ij from the branch cut in the logarithm. 
For — ilnS" we fix the branch that increases monotonically from to 2tt. In the present 
discussion we focus on a single filled band particle states. In this case the integers are 
consecutive, /j+i = + and the rapidities are found to increase monotonically with j j^I]. 
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For future reference we can also write this in another way. Suppose that we define the 
logarithm differently, so that it increases from to tt (taking the latter value at ^ = 0), then 
jumps to —IT and finally increases to 0, 

- I hiS{e) = -i \nS{e) - 27rQ{e) . (2.14) 

The integer Ij now takes a constant value / for all particles, as the jump by 27r on the right- 
hand side of eq. (j2.13|) as we move from j to j ' + 1 now comes from —iln S{6j^i — 6j). We 
will denote the logarithm with this definition by In. For particle distributions consisting of 
several filled bands, / is a different constant for each band. 

Now take the thermodynamic limit of a large number of particles, holding the density 
fixed and letting L oo. The difference between consecutive rapidities becomes small with 
the density (per rapidity and length) finite. 



These finite density states obey 

M 
2^ 

where 



K{e - e')p{e') de' , (2.16) 

■Br, 



This is valid only in the range —Bl < 9 < Br where the particle states are filled; outside 
this range p{6) = 0. 

We now take the n — > 2 limit; for more details see ref. jHIj. From the discussion in 
section 2.1, we see that there are are some rapidity differences that remain fixed in the 
limit, and others that scale as l/(r2 — 2). In fact, both limits of Spp are nontrivial, because 
some of the gamma functions (|2.11|) contain l/(n — 2) in their argument and others do not. 
Specifically, 

^ hra Spp{9) = ^^^^^^ • (2.18) 

V 2 27r / V 271" / 

and 

27r + 20 \ sign(<ji)/2 



Su{<l>) ^ lim SM[n - 2]) = ^^^^ j • (2.19) 

In particular, 5*1 appears in RR and LL scattering, Srr = Sll = Si, while Su appears in 
RL, RO, 00, and OL scattering. 

The Bethe ansatz equation separates into integral equations for right-movers, left-movers, 
and zero-modes:^ 

-Br 



PR{e) - J " KRRie - e')pn{e') de' = 



^The existence of these particles in the middle is implied by the fact that the limit of Snn as the rapidity 
difference them large is not equal to Srl. Thus some states must get "trapped" in between in the eonformal 
limit. 
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PL{e) - r Kj^Lie - e')pL{e') , de = ^e-' (2.20) 



and 



1 / , X _ r po(0O , ,/ _ Jr Jl . 

2^'^^^ 1^ 47r2 + (0 - - 47r2 + (0 - x)^ + 47r2 + (0 + x)^ " ^^'^'^ 

We have defined the fixed endpoints Bji = Br — x/ {N — 2) , B l = B l — xj {N — 2), and the 
number densities 

PR{e)de, Jl= I PL{e)de, jo= po(0)#. (2.22) 

-00 J ~Bi^ J —X 

The semi-infinite integral equations for the right- and left-movers can be solved by the 
Wiener-Hopf method. This is done in ref. j^; for the present paper we need only the result 
for the energy and momentum densities in terms of the number densities: 

j,^p/L^<^R^^ ^ S^E/L = ^^^^^^ , (2.23) 

so that 

The zero mode equation determines Jq in the form 

Jo = {Kx)-1){Jl + Jr) (2.25) 
for some function h{x)- This in turn gives Jl + Jr = J/h{x), and so 

7iJ^ V^hixf 

^ = -JTF-vi + WT- ■ 2.26 

Ah{xY T^J^ 

Returning to the Lagrangian description, we are looking for the state of lowest energy 
for given 0(2) charge and momentum. Since the excitations lie entirely within an 0(2) this 
reduces to a free-field calculation. Inserting the classical configuration 

§ = -ujT + ka , ipi + iip2 = e'^ , (2.27) 

we have 



-p = f = !- 

2 ' 2 ' o 

g 9 ^9 

Comparing with the Bethe ansatz results gives 



p = £ = ^^. (2,28) 



Thus this state fixes the dictionary between the parameter g"^ of the Lagrangian description 
and the parameter x of the Bethe ansatz description. 
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The zero mode integral equation cannot be solved in closed form; it can be solved nu- 
merically or by expanding around large or small x- The details of the large x expansion are 
set aside to the next subsection. The result is 



Then h{x) = a/x/^ leading order, and 



in agreement with the one-loop result ()2.9|) . In particular, the large-x limit is the weak- 
coupling (classical) limit of the sigma model. Note that in this regime, the zero-modes carry 
nearly all the charge, while the right- and left-movers carry all the energy and momentum. 

It is clear from the form of the zero mode equation that as we reduce x we reduce Jo and so 
g'^ increases monotonically. In the string world-sheet theory the limit (7^ — > oo is particularly 
interesting, because it is dual to the free gauge theory. However, in our model we do not 
reach this limit even as x ^ 0. In this limit the zero mode range goes to zero and j7o 0, 
giving h{{]) = 1 and = 7i/2. The role of this special value is not clear. It corresponds to 
the Kosterlitz-Thouless point, where the vortex interaction becomes marginal.^ However, it 
is not clear that this continuum model should have a Kosterlitz-Thouless transition. The 
small-x expansion is simple to carry out to many terms [HZj, and it seems to be convergent 
and to allow continuation to negative x- However, it does not seem that we can reach the 
very interesting point g = 00, even at x — —00. This is a puzzling artifact of this supergroup 
coset model, which probably has no relevance to the string theory. 

Excited states, with gaps in the sequence of Bethe integers rij, correspond to excitations 
of the free field i} ()2.27j) . In the application to string theory these can be removed using the 
residual gauge freedom of the conformal gauge: we can always choose coordinates in which 
= —uoT + ka. Thus to describe the physical states of string theory we can restrict attention 
to the filled rapidity band. The center of mass constraints E = P = must still be satisfied. 

2.3 Large-x expansion 

Here and in section 4 we will work out some of the details of the large-x expansion of the 
Bethe ansatz equations. For the zero mode equation ()2.2H) . the source terms on the right 

^We thank H. Saleur for pointing this out, and that it is also the point where an exact lattice solution 
exists |52) . In our world-sheet approach, it is relatively easy to expand around this coupling. 




(2.30) 



which integrates to 
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are strongly peaked at the endpoints, and so we start by analyzing the behavior near one 
endpoint, say +x- Defining cj) = ip + x and R{'ip) = Po{<P): the equation goes in the limit to 

Riij) - f Koi^P - ^')R{r) = 9{^) , < , (2.33) 

^— oo 

where 

Again, the solution is via the Wiener-Hopf method, as reviewed for example in the 
appendix to [52] and in [S^. In Fourier space one can write 

where the functions G^{uj) and G-{uj) are holomorphic and novanishing in the upper and 
lower half-planes respectively, and approach 1 at large uj in these respective half-planes. Here 
we have the particular form 

~g{u) = JrMu) = Jnil - G-\u)Gz\uj)) . (2.36) 

The integral equation then takes the form 

G-^GZ^R = Jr{1-G-^GZ^)+X+ (2.37) 

where is an unknown function that is holomorphic in the upper half-plane and approaches 
asymptotically (this appears because the integral equation holds only for negative ip). 
Multiplying by G+ and rearranging gives 

GZ'R + JniGz' - 1) = Jr{G+ - 1) + . (2.38) 

The left-hand side is holomorphic in the lower half-plane and approaches asymptotically, 
and the right-hand side has the same property in the upper half-plane. It follows that both 
sides vanish identically, and so 

R{uj) = Jr{G4uj)-1) . (2.39) 

Explicitly for the kernel ()2.36|) 

G_(cu) = J— T{1 + zcj)e^™^°(*'^) . (2.40) 
v2vrzco' 

To match onto the solution away from the endpoint we need only the small-a; behavior, 
giving 

Ri<P) = 3—- + 0{{x - <P)-"') . (2.41) 
7rV2(x - (p) 
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In the bulk we thus look for a solution of the form 

1 

X 



po(0) = -r(0/x) , (2.42) 



where 

r(')i\ ~ 

vrV2(l-y) 



r(7/)~^g^=, 7/^1, (2.43) 



r{y) S^=, (2.44) 



and similarly 

riv) ~ , 

The large-x limit of the zero mode equation ()2.21|) at fixed y = ip/x is 

-1 ^(^/ 



= . (2.45) 

-1 {y - y ) 

We will discuss such principal part equations at more length in section 4. Here there is a 
unique solution with the given limits, 



r{y) = ^ JI±y + ^ JI^ , (2.46) 
2n y 1-y 27r V 1 + 2/ 

giving eq. ()2.30|) . In section 2.2 we integrated this to obtain the zero mode charge density. 

The full form ()2.39|1 near the endpoint gives a correction to j7o that is subleading at large x- 

This method can be iterated to give higher orders in the semiclassical expansion, but this 

is beyond our present scope. 



3 The SUi2) sector 

3.1 The nested Bethe ansatz 

We now consider states with particles created by either (fi + i(/?2 or ip^ + iip^. That is, the 
particles of positively charged under one of the factors in 0(2) x 0(2) C 0(2m + 2) C 
0Sp{2m + 2|2n). In such states, the E tensor still vanishes, but the I and P tensors are 
distinguishable. The effective S-matrix at general n is 

iep + 

where Spp is the single-species S-matrix fl2.11|) . A state with charge Ji under the first 
0(2) and J2 under the second 0(2) is described in terms of J = Ji + J2 particles with J2 
impurities The resulting nested Bethe ansatz equations are 

/3 J P n-2 ijLj 



'^3 ''^^a n-2 p^a " >^ n-2 
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where indices i,j run from 1 to J and a, (3 run from 1 to J2. The pj and 6j still describe 
the momenta and rapidity of each particle (including both types). The pseudorapidities Aq 
describe the solution to a nested Bethe ansatz which describes the motion of the impurities 
on the chain of particles. Eq. ()3.3|) gives a quantization condition for these A^^, which are 
like spin chain rapidities. 



3.2 The single-impurity state 

Consider first a state with a finite density of type 1 particles and a single type 2 particle. 
We will use this in the next section to understand how the pseudorapidity A maps onto the 
physical parameters. The Bethe ansatz equations reduce to 

i6'' - zA + ^ T-r 
e''^' = -^r—j^IlSiO:-e'^), (3.4) 

j 3 n-2 

Primes denote the rapidities and momenta in the single-impurity state, while the unprimed 
values refer to the no-impurity state, with J particles all of type 1 as studied in the previous 
section. 

In the thermodynamic limit L ^ 00 the single-impurity state is treated as a perturbation 
of the pure state, defining w{6) = L{6 — 9') jSn]- Taking the logarithm of the Bethe ansatz 
equation ()3.4|) and subtracting the unprimed equation gives 

F{d) - K{9 - d')F{e') d9' = - cot-1 (n-2)(g-A) ^ 

J-Bl TT 

where F{6) = w{9)p{9). We have set Uj = n'p but leave the branch of the logarithm 
unspecified for now; different choices can be absorbed in shifts of the rtj. 

As we take the n — ^ 2 limit, the integral equation again splits into three parts. The 
zero-mode equation is 

2^°^'^^-|, 4vr^ + (V.-V^0^ ''^=^^"^ ^'-'^ 

where A = (ri — 2)A; for states whose energy remains finite in the n — 2 limit, it is A that 
is held fixed. The right- and left-moving parts can be put in the form 

FRie) - / Krr{9 - 9')Fr{9') d9' = -Foix) , 
J -00 ^ 

Fl{9) - / Kll{0 - 9')Fl{9') d9' = -Fo(-x) (3.8) 

J-Bl ^ 
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We have used the zero mode equation to simphfy these; note that cot~^ is essentially constant 
in the right and left ranges, and equal to its value at the nearer end of the zero-mode range. 
Eqs. (13. 8|) are solved readily using the Wiener-Hopf method to give 

AP = TT JrFo(x) + vrJiFo(-x) , (3.9) 
= tiJrFo{x) - ^JLFoi-x) ■ (3.10) 

These are both functions of the rapidity A. Ehminating A gives the dispersion relation for 
AE in terms of AP. 

The second Bethe ansatz equation ()3.5|) becomes 

= i r Po(0) cot"'^^ # . (3.11) 

Here we have defined the cot to vanish at ±oo and to jump by — vr at 0, in parallel with 
eq. ()2.14|) . Eq. ()3.11|) provides a quantization condition on A and so on AP. In fact, it 
follows immediately from taking the product of eq. ()3.4|1 over j (so that S{6^ — 6j) cancels) 
that eq. ()3.5|) for a single impurity directly implies quantization of momentum, AP = 27rm/L. 



3.3 Equations for finite impurity density 

We now consider states with a finite density of both type 1 and type 2 particles. We assume 
that the rapidities 6j lie in a single filled band and the pseudorapidities A^ lie in one or more 
filled bands. The Bethe ansatz equations ()3.2U3.3|) then become the integral equations 

"Br 



... , , {n- 2)a(A0 dA' f^- jn - 2)p(g) dO 



and 



47r2 + (A - A')2(n - 2)2 J^^^ + {6 - A)^{n - 2) 

The pseudorapidity integral runs over the filled bands, which are not specified. Each equation 
holds only within the filled range. The total particle density is 



J = Ji + J2 = J p{0)de , (3.14) 

and the impurity density is 

J2 = J criA)dA . (3.15) 

The n —* 2 limit is smooth if we define (p = (n — 2)6 and A = (n — 2)A as before, and 
a{A) = a{A)/{n-2). Then 

1 F pM)dcl>' _ Jr Jl f dr{A)dA 

y„^47r2 + (0-0')' 47r2 + (x-0)2'^47r2 + (x + (/))2 7 7^2 + _ a)2 ^ ' > 
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and 



,ca)-2 f -^m^ = r ^!£M_ , (3,17) 

J 47r2 + (A-A')2 7r2 + (x-A)2 vr^ + (x + A)^ i-^ vr^ + (0 - A)2 

The right- and left-moving equations ()2.20|) are unchanged — all additional terms scale out 
as n — > 2. Thus the relation ()2.23j) continues to hold, determining the energy and momentum 
in terms of J7r,l- 

The equations for po and a are coupled, but they decouple if all impurities are at large 
pseudorapidity |A| ^ x- We will see in the next section that this corresponds to nonrela- 
tivistic impurities. The Bethe ansatz equations become 

1 , . _ r Po(0O d<l)' ^ Jr Jl _T 

2P0W 47r2 + (0 - 00' 47r2 + (x-0)2 ^47r2 + (x + 0)2 

and 

.(A) -2/ ^'^'j"^: (3.19) 

J 47r2 + (A-A')2 7r2 + A2 

_ , ra(A)dA 
4 The large-x approximation 

The integral equations found in section 3 determine the world-sheet energies in the quantized 
world-sheet theory. In order to make contact with earlier results, we now take the large-x 
approximation, which we have seen to be the classical limit of the field theory. For reference 
recall our semiclassical result for xio'^)^ express it in terms of the string theory quantities: 



where 



271 i?2 

X = 



= . (4.1) 



4.1 The single impurity 

For i = A/x > 1, the argument of the cot~^ becomes large and negative in the semiclassical 
limit. It is convenient to choose the branch — vr < cot~^ < so that the inhomogenous term 
in the zero-mode equation is small, 

-X 



As X 00, there are two ways to take the limit: we can make a linear shift of to focus 
on the behavior one or the other endpoint, or we can make a multiplicative rescaling of 
to keep the range finite. In practice it is necessary to do both and match the solutions. In 
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section 2.3 the source was peaked at the endpoints and so we analyzed the endpoint behavior 
first. Here it is distributed and we analyze the bulk behavior first. 
Defining 

y = (t)/x. ^ = A/X, /(y) = Fo(0), (4.3) 
the zero mode equation has the large-x limit 

f{y) dy' 1 



1 {y - y'f y - 



(4.4) 



The principal part arises because the ^Fq just cancels the area under the peak in the integral. 
The solution is given in eq. ()A.13j) . In particular the limits ()A.14jl are 

W~x) = -^^^f^- 



(4,5) 

The principle part approximation to the Bethe equation breaks down when the distance 
from to an endpoint ±x is of order one. The momentum and energy shifts (13.9113.101) 
depend on the value at the endpoint, and so we need to work out the endpoint correction. 
For — X of order one define 

^ = (j)-X, $(^) = v^Fo(0) . (4.6) 

Matching to the bulk solution, we see that at large negative ^{ip) ~* c\ip\^^'^ with a known 
coefficient. Inserting this form into the Bethe equation gives 

Thus we need to solve the sourceless equation with give large-'?/' behavior. We cannot imme- 
diately apply the Wiener-Hopf method because the Fourier transform does not exist. Thus 
we differentiate eq. ()4.7|1 once to obtain 

f 2T(^0#- _ 2$(0) 

for T('0) = $'("0). This is now of the same form as encountered in section 2.3. In particular, 
to match onto the bulk equation we need the asymptotic form ()2.41|) . 



T(V;)--^^ + 0(r'/') , <l>(^) ^-^$(0) + 0(^1/2) . (4.9) 



Matching onto eq. (j4.5j) gives the necessary result 
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Taking for simplicity the case Jr = Jl = J / \fx (the second equality is the already- 
known large-x result), the impurity energy and momentum become 



AP = II- 



AE = fx 



This can be put in the form of a relativistic dispersion relation 

{AE + fif - AP"" = fx\ AP > . 
The momentum quantization condition gives 



fi = ITXJIX 



1 . 



(27rm)2 

For I < —\\t is simplest to take the branch < cot^^ < vr, giving 



(4.11) 



(4.12) 



(4.13) 



AP 



-/i- 



AE = n 



1^1 



which corresponds to the AP < branch of the relativistic dispersion relation ()4.12|) . 
For — 1 < £ < 1 we approximate 



(4.14) 



X. -1 
— tan 

7r 



vr 



xiy-i) 



-x(p + e(y-£)) 



(4.15) 



where 6(x) is the step function and p is an integer associated with the branch choice for 
tan~^. Here, there is no obvious preference between p = and p = —1, so we will leave it 
undetermined. Then 



Foix) 
Fo{-x) 



X 

TT 

X 
TT 



pir + - + Vl - - tan"^ , 

2 VT^. 



TT , — 

pn + - - Vl 



tan 



-1 



(4.16) 



and 



AP = J^f (2j9+ l)7r-2tan~^ , ^ ] 



and this gives 



AE = 2JV1 - P . 



AE = 2 J \sm{AP/2J) \ , 27rnp < AP < 2Tin{p + I] 



(4.17) 



(4.18) 



Let us compare with the semiclassical calculation in the field theory. We focus on an 
0(4) C 0{2m + 2) subgroup. 



S 



drdad^Xid^Xi , 



(4.19) 
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with z = 1, 2, 3, 4 and the constraint XjXj = 1. We transform to variables ^3^4 and (j), where 



Xi = cos0y^l -X| -X| , X2 = sin^y^l -X| -X|. (4.20) 

The perturbation transforms as X3 + iX^, so we expand to quadratic order in X3^4 to obtain 
the Hamiltonian 

H = Jda(^^{nl + .1 + vrj) + ^vr5(X| + X^) + ^(Xf + Xf + 0^)} . (4.21) 

Note that = J' in the unperturbed state, so X3 4 indeed behave as relativistic particles 
of mass /i = g^J' = l-Kjjx- Removing one Xi+j2 charge from the sea and adding one X3+j4 
particle of momentum AP thus changes the energy by 

= v/AP^TT? - (4.22) 

as found above; the — /i term is from vr^L — > tt^L — 1. 

The semi classical calculation covers the ranges |A| > 1 only. As |A| 1 the energy 
becomes large and apparently the semiclassical description breaks down. The need to take 
different branches of the cot~^ for i> \ and £ < — 1 reflects an interesting spectral flow phe- 
nomenon. If we start with large positive I and move to decreasing values, we have increasing 
positive momentum. If we decrease i through zero and then past —1 while remaining on 
the original branch of the cot~^, we reach a state with an impurity of negative momentum. 
However, the total momentum of the state must increase throughout, because AP = 2'Km/ L 
is increasing monotonically with m. The point is that the cot~^ approaches a constant value 
— TT, which reflects a shift of the momenta of the sea particles, an increase of one unit of 
momentum for each. The results for —1 < A < 1 suggest a simple interpretation: as the 
impurity pseudorapidity passes through the sea a hole appears, with all particles at y > £ 
shifted one unit to the right. When the impurity reaches i = —1 the whole sea is shifted, 
giving total momentum 27rJ/L. The energy shift at this point is of higher order in 1/L. 



4.2 Nonrelativistic impurities 

Now consider a finite density of nonrelativistic impurities. From the single-impurity example 
we see that these are at \i\ ^ 1. We thus have the Bethe equations given at the end of 
section 3.3. 

The po equation differs from the earlier (j2.2H) by the constant term —T/x^- Defining 

y = (l>/x, r{y) = poi(j))x (4.23) 
as in section 2.3, the Bethe equation in the bulk becomes 

r{y') 



1 {y - y') 
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'j-dy' = T . (4.24) 



Eq. ()A.8|) then gives the additional contribution 



,M^/S-J^^ + /i-J^-^V^- (4.25) 

This integrates to 

Jo = ^{Jr + Jl)-'^. (4.26) 

The shift of J'q and of the energy if of order £~^. Expanding to second order in and V, 
the energy ()2.24|1 becomes 

ttJ^ V\ 1x7 J 
1 — H 

The a equation has a smooth source and so we take the bulk limit 



^ = ^ + Tr4 + ^- (4-27) 



£ = A/X , s{^) = x^(A) . (4.28) 

The Bethe equations become 



/ 



where again the contours are unspecified, and might even be continued into the complex i 
plane. This density feeds back into the energy ()4.27|) through 

r^j^. (4.30) 

In this case we do not need a separate analysis of the endpoint region, because its effect on 
T is subleading in x- The last term in the energy density is then 

AS^Ip-^. (4.31) 

It is useful to integrate eq. ()4.29j) to obtain 

sindi' _J_xm 

i-i' - 2i 2L ' ^ ^ ^ 

where m must be constant on each connected band of impurities, and in fact must be an 
integer by the Bethe ansatz equation For a small number of impurities it is the same 

as rh in the single impurity eqs. ()3.11ll¥T^ . 

To impose the analog of the physical state equations from string theory, we need also the 
integrated form of eq. ()4.24|) . 

^^dy' = - / + ^ 4.33 

iv-y J « L 
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where / is an integer. (To derive this one must integrate the Bethe ansatz equation before 
taking the classical limit). The physical state condition P = implies, by the general 
result (j!2.23|) . that J7/? = J7l. The left-hand side of eq. (j4.33|) then vanishes, and so we have 
the constraint 



Finally, to satisfy the physical state condition -Etotai = we append a free timelike field, 
whose energy is like the classical result (j2.28|) but with a minus sign. 



where we have used g'^ = ^tt/x- 

The Bethe equations ()4. 3211^^^14. 36p are the same as in the nonrelativistic classical limit 
of the sigma model, which reproduces the one-loop anomalous dimensions of the gauge the- 
ory; see ref. for a detailed discussion. Note that the nonrelativistic expansion parameter 
is k'^/n'^ where k = 2'Krh/ L is the wavenumber of the impurity on the string. The expansion 
parameter reduces to {2nmf' / g"^ J'^ = m^A/J^, and so for fixed harmonic m the nonrelativis- 
tic expansion it is the same as the dual gauge theory loop expansion ^^1- The agreement 
is expected, because the leading large-x approximation reduces to the SU{2) sector of the 
bosonic sigma model, which is the same here as in the string theory. It confirms that the 
n 2 limit that we are considering gives a sensible Bethe ansatz, and shows one way that 
these can be extended to a quantized sigma model, eqs. ()3. 18113.1^ . 

While on the subject of the nonrelativistic limit, we should note that even the quantum- 
mechanical equations can be simplified in this limit. The point is that the pseudorapidities 
A are much larger than 1, so for finite impurity density the impurity bands have length 
much greater than 1. The a equation can then be reduced to the same principal part 
equation ()4.32|) and therefore the moment T is unchanged. However, the contour for the 
Po equation is not long, so the relation between T and the energy (and dimension) will be 
corrected. It follows that states that have equal dimensions in the nonrelativistic semiclassical 
limit still have equal dimensions in the nonrelativistic quantum theory. This is similar to the 
string world-sheet theory result but somewhat weaker, for in that case no g"^ correction is 
expected at all [TH]. In both cases the system should be described by a low-energy effective 
action for the impurities jIH]. In the string theory case this is not renormalized, whereas in 
our less supersymmetric model there is evidently a renormalization of the parameters. Note 
however that even in more supersymmetric theories one expects nonrenormalization results 
to become weaker as one goes to higher dimension operators, which may be connected with 
the three-loop discrepancy of refs. [23 1211 • 




(4.34) 



S = -—V\ V = A/L 



(4.35) 



where A is the spacetime dimension. In all. 




(4.36) 
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4.3 The general case 

We now consider the large-x limit without assuming nonrelativistic impurities. The equa- 
tions for po and a are now coupled, but we expect by analogy with ref. [53] to be able to 
obtain an equation for a by itself. We will do this by solving for po- 

The Bethe equation (|3.16|) in linear in po a^^d has three source terms on the right. We 
separate 

po(0) = po(0) + Ar{y)/x , Z/ = 0/x , (4.37) 

where po is sourced by the first two terms and Ar by the third. Then po is exactly the same 
as for the U{1) sector, 

PO = -4^=, , (4.38) 

where we have used the physical state condition J7r = J'l = J'. For Ar and s we obtain the 
principal part equations 

^ Ar(y') dy' _ f s{i) M_ 

\2 ' 



1 {y-y'f J {y-^) 



^ + tA. + r ^#41^ . (4.39) 



{l-i'f (^-1)2 (£+1)2 y_i {i-yf 
The integrated forms are 

' ^r{y')dy' _ fs{l)dE^^^ ^^^^^^ 



1 y-y' J y-^ L 

s{i')di' J , J , f'xPo{xy)dy xrh 



{(-1) (£+1) J_, i-y L 
_ JVX ^r{y) dy 

dropping a term of relative order 

We now solve eq. ()4.40|) for Ar, using the inverse finite Hilbert transform ()A.21j) . Note 
that the solution exists only with the constraint ()A.20|) . which becomes 

s{i) d£ xi 



(4.42) 



The solution is then 



Ar(y)^^J^-±>^^. (4.43) 



Substituting back into the eq. 1)4.411) gives 



g(f ) di' 



(4.44) 



19 



again dropping a term of relative order x ^^"^ ■ 

As desired, we have found a closed equation for s(JL\ but of a somewhat complicated 
form. The equation simplifies if we make the change of variables 

^2 _|_ 1 o r 

£=^, r/(x) = ^.(£). (4.45) 

This is the same change of variables used to relate the rapidities in the gauge description to 
the spectral parameter of the monodromy matrix [2S1I2H1; note that /^(x) is not a density |28j . 
Note also that the x plane is mapped to two copies of the i plane, through a cut between 
— 1 and 1. The Bethe equation becomes 

2.LJ 

J x-x' [x-l)^ (x + l)yx 

This is the general classical Bethe equation found in ref. As was shown in that work, 
the various folded and spinning solutions can be obtained from it. 

To complete the comparison we relate the various constants to moments of rj. The 
constraint ()4.42j) becomes 

ri{x) dx 



X 



The total particle density is 



X 



2711 . (4.47) 



X f dx 



J = 2J+I p,[<p)d<P = J^-^^^^, (4.48 



dropping a term of relative order x Defining the dimension as insection 4.2, we have 
the general result = Etotai/L = nj'^ — g'^V'^ /2, and so at large x 



The number density of type 2 particles is given by the integral over the pseudorapidity 
density, 

1 " 



1-- 

X'^ 



dx . (4.50) 



These results are equivalent to eqs. 4.43, 4.44, 4.45, and 4.47 of [25], with the notation 
?7 — ^ p, L — s> 27r, LJ L, LJ2 J, LV ^ A, I ^ m, rh ^ —n. 

5 Discussion 

Let us first review the expansion parameters for the various approximations. For the non- 
relativistic approximation it is m A/J2. For the finite size expansion it is 1/J. For the 



20 



world-sheet quantum field theory it is A Thus the expansion for A, assuming that it is 
analytic in all the parameters, is 




If we consider only the J and A dependence there are degeneracies. Increasing h by two is 
the same as increasing a by one and c by two. However, these are distinct physical effects. 
For example, they can be distinguished by their rh dependence. If we take m and J to 
infinity together with the ratio fixed, it amounts to taking the length L to infinity with fixed 
world-sheet wavelength. In this limit the A~^/^ effects dominate the 1/J effects. In our 
model we believe that our integral equations capture the full world-sheet quantum theory, 
but no finite size effects at present. 

We have developed techniques for deriving and solving the Bethe ansatz in conformal 
world-sheet theories. The unexpected zero modes played an interesting role. In the nonrel- 
ativistic limit we were able to decouple them from the impurities, though they themselves 
still had nontrivial quantum Bethe equations. In the semiclassical limit we were able to 
solve and eliminate them. This had the interesting effect of introducing a cut in the rapidity 
plane, which was removed by changing to the monodromy variable. In the fully relativistic 
quantum theory we do not know how to solve for the zero modes analytically, and it may 
indeed be necessary to retain this additional degree of freedom. 

To complete the solution of the planar A/" = 4 theory it is necessary to understand both 
the A~^/^ and the 1/J effects. Perhaps the powerful and elegant approach of ref. j2Sl can 
be extended directly. In our approach, inclusion of the A~^/^ effects would require that we 
find an S-matrix for the AdS^^ x world-sheet theory, either by the limit from a massive 
integrable theory or directly. The principal chiral supergroup models may be more similar 
in structure to the AdS^ x 5*^ theory and give some insight. For the finite-size effects, the 
most direct approach would be to identify a bare version of the theory with a 'ferromagnetic' 
state. Such models exist for some bosonic cosets [SZlEHlEn], but it is not clear whether the 
extension to a supergroup symmetry is possible. 

In summary, there is still every reason to expect that a Bethe ansatz solution exists for 
the full planar A/" = 4 theory, but there remain some important hurdles. We believe that our 
work points to an important gap in the current understanding, namely the A~^/^ quantum 
effects, and gives some indication as to how these are to be included. 
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A Appendix: Principal part equations 



The large-x limit of the Bethe equations lead to the integral equations of the form 

f{y') 



{A.l] 



or its integral with respect to y 

a y-y' 



v{y) , (A.2) 



where V'{y) = —j{y). The additive constant in V{y) is undetermined by this definition, but 
we will see that it is determined by the integral equation. These are finite Hilbert transforms 
and their inversion is well-known. We will work out both the general form and some useful 
special cases. 

Eq. ()A.2|1 arises in the evaluation of matrix integrals, e.g. jMI; we repeat here the method 
of solution for convenience. Define for complex z the function 



so that 



1 1 

viy) = o l9{y + ^e) + giy - ^e)] , f{y) = 77- [giy - «e) - giy + ^e)] • (A.4) 



Then 



b rb 



fW)f{y") dy' dy" 
\ J, {z-y'){z-y") 

' f{y')f{y") dy' dy" 





a J a 
b 



z — y' z — y" 



y' - y" 



2f l^VW 

I z-y' 



= 4 ^^^4^ [V{y') - V{z)] + 2V{z)g{z) . (A.5) 

J a ^ y 

We will eventually use this to derive a general Green's function solution to eq. ()A.1|) . but 
first obtain some simple special solutions. 

Special case I: j{y) = 1. 

We have V = —y + C, and eq. ()A.5|1 becomes 



fb 

,2/ 



g'{z)=K + 2V{z)g{z) , = 2 / f{y)dy, (A.6) 

22 



or 



g{^z) = -z + C+^{C-zY + K. (A.7) 

The branch of the square root, here and below, is fixed by the property g{z) — as 2; — 00. 
From its definition, g{z) has a branch cut on the real line from a to 6, which determines 
C = {a + b)/2 and k = -{b- af/A. Thus g{z) = -z + C + ^/{z - a){z - 6), and 

f{y) = --Viy-(^)ib-y) ■ (a.s) 

TT 

This is the Wigner semi-circle law for eigenvalues of gaussian-random matrices. 
Special case II: j(y) = l/(y — zqY. 

The value zq may be complex but is assumed not to lie directly in the integration range 
(a, 6). Here 

V{y) = ^— + C, (A.9) 

y- zo 

and 

. f' f{y) dy 



g\z) - 2V{z)g{z) = , k = 2 / 

Z — Zq J a 



y- Zq 



g[z) = V{z)-Jv\z) + ^^. (A.IO) 

V Z — Zq 

Again g{z) must have a branch cut along the real line between a and 6, and this fixes the 
undetermined constants: 

C = r- \ K = -[1 + C{a- ZQ)]'^/{a- Zq) , 

y/{zQ - a){zQ - b) 

/ X 1 1 1 Viz - a)(z - b) , 

g{z) = + , y =■ (A.ll) 

z- Zq y^{zQ- a){zQ -b) z- zq^[zq~ a){zQ - b) 

Finally, 

f{y) = , ' , V(y--)(b^ . (A.12) 

n{y-ZQ) ^^ZQ-a){zQ-b) 

In eqs. flA.llllX.12|) . and in the following sections, we specify the branch {z — a){z — b) z 
at large complex 2, while {y — a){b — y) is real {y is restricted to the range (a, b)). 

Special case III: j{y) = l/{y — zq). 

This is simply — J dzQ of the previous source, and so linearity determines 
dzQ \/{y-a){b-y) 



fiv) 



n{y - z',) ^(z',-a)iz',-b) 



i 1^ + y^o ~ + b){y + Zq) + ^^y{y - a){b - y)^/{zQ - a){zQ - b) 13) 
{zq - y)(y- |(a + b) + z^iy - a){b - y)^ 
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This simplifies near the endpoints; 



fiy ~ b) 
f{y ~ «) 



2 Vb-y f V^o - a 



2 y/y-a yJzQ - b 



(A.14) 



Green's function solutions 

The case = b{xj — yo), a < yo < b, is obtained from the previous solution by linearity, 



1 



1 



27ri\y -yo-ie y - yo + ie 
and so we obtain, after some rearrangement. 



(A.15) 



fiy) = hiy^yo) 



In 



ab + yyo - lia + b){y + yo) + A/(y - a)(6 - y)y/iyo -a){b- yo) 



{yo-y){b-a)l2 
This gives the solution to eq. ()A.1|) for general i{y): 

fiy)= / h{y,y')jiy')dy' ■ 



.(A.16) 



(A.17) 



For bounded j this is the unique bounded solution. 

Let us also give a Green's function solution to the integrated equation ()A.2|) . A solution 
does not exist for all V{x): for a constant V{x) eq. ()A.5jl leads to a contradiction. Rather, a 
solution exists for functions V{x) satisfying one constraint. Using eq. ()A.15|) for a < yo < b 
one finds that for 

1 Viy-(^)ib-y) 



one has 



Therefore, if 



fiy) 



f{y') dy' 
y-y' 



TT^iy - yo) ^{yo-a){b-yo) 



Ky - yo) - 



7r\/(yo -a)(6-?/o) 



Viyo) dyo 



a \/ [yo - a){b ~ yo) 



(A.18) 



(A. 19) 



(A.20) 



then eq. ()A.2|) is satisifed by 



^ a 7r2(y - yo) ^(yQ-a){b-yo) ^° ' 



(A.21) 
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